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We examine the conditions which a given information of the form “Tr(WA,) =m,;r=1,...,h"
must satisfy in order to determine a unique quantum state with maximum information entropy.
Special consideration is given to the case of commuting A, which is most important for statistical

thermodynamics.

1. Introduction

In a previous paperl:12 we began the examina-
tion of one of the basic mathematical problems in
the information theory approach to quantum
statistics. The mean values

Te(WA,)=my; r=1,...,h (1.1)

of & self-adjoint (s. a.) operators 4, in a separable
Hilbert space # do not in general determine the
state operator (density operator) W uniquely, but
they define a whole class of state operators satisfy-
ing (1.1):

W = {(Welk: Tr(WA)=m},

where 28 is the set of all state operators and the
vector notation

A={4;,..., 43)

is used. The problem at hand is to find necessary
and/or sufficient conditions under which the A
mean values (1.1) determine a wunique quantum
state with maximum information entropy (QME)
W e W7 defined by

(YWeR™m) W+ We=HW)<H(W)<oo.

m = {))7], cees 'nh}v

(1.2)

Here, the information entropy H(W) of a state
operator W is given by H(W) = — Tr(W In W)
and the mean value of a s.a. operator 4 = [ AdE4(2)
in the state W is defined by the (generalized) mean
value functional 2,3

Te(WA) = [ Ad Te[WE(3)].

-0

(1.3)

In case of an operator with a pure point spectrum
and the spectral representation

A=a, P, ,
n
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the definition (1.3) takes the form
Tr(WA) = Sa, Tr(WP,).

n

(1.4)

The above problem has hitherto been solved only
in special cases: (I) For arbitrary 2e N and
dim# << oo, Wichmann4 has shown that every
(consistent) information of the form (1.1) determines
a unique QME. (II) For dim# = oo and h =1,
Ingarden and Urbanik3 and Bayer and Ochs! have
shown that, apart from a few additional exceptional
cases, the information (1.1) determines a unique
QME if and only if m; is limited to a certain (A;-
dependent) interval and if a real number f exists
with Trlexp(— f41)] < oo. In these cases, the
problem can be solved completely because of its
strong specialization.

If one examines, however, the possibility of QM Es
under the general condition (1.1), then one en-
counters considerable mathematical difficulties:
Given two s.a. operators A, B, little is known about
the conditions under which 4 4 B is also s. a., and
equally little is known about when e4+B is of trace
class or even when it exists. And the generalization
of the mean value definition entails additional
difficulties: Obviously, the functional Tr(W -) of
(1.3) is not linear since the sum of two s. a. opera-
tors is not necessarily s. a. again; but, even worse,
the additivity of Tr(W -) is not certain for s. a.
sums of s.a. operators2. As a consequence, the
general problem allows only of much weaker results
then the particular cases mentioned above.

In Section 2 we examine the general conditions
under which the information (1.1) determines a
unique QME: this analysis turns out to be limited
to state operators whose mean value functionals
are linear in the A, at least with respect to the linear
combinations relevant for our problem. In Section 3
we then treat in more detail the special case of
commuting A4, which is of particular importance for
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statistical physics. In this case, all essential results
of the case A =1 can be retained under very
general assumptions on the 4, which also cover the
macrocanonical ensemble.

2. The General Case

The central notion in the solution1.5 of the
special problem “A =1, dim# = oo was that of
a reqular operator: An operator X is called (thermo-
dynamically ) reqular if X is s. a. and if there exists
a real number f such that Trlexp(— fX)] < oo.
In the present paper, we generalize the notion of
regularity in order to apply it to sets of operators
[and by an “operator” we understand henceforth
a linear operator acting in a given separable Hilbert
space # of infinite dimensions]. To avoid trivial
complications we need some sort of independence
among operators. We call n operators Ay, ..., 4y,
1-independent if the n + 1 operators 1, 4y, ..., 4,
are linearly independent on the intersection of their
domains.

Definition 1. A set A = {4y, ..., Ap} of & s.a.
operators is called a-reqular for an a € R if the
linear combination

h
aAd = Sd.r:lr

r=1

is a regular operator. By M  we denote the set of
all a € R? for which A4 is a-regular. The operator
set A is called regular®, if the A4, € A are s. a. and
1-independent and if M = 0. A4 is called strongly
reqular if A is regular and if Y4 contains an element
B with 3
[1pr+0

r=1

For h = 1, regularity and strong regularity of an
operator set are equivalent to the regularity of its
element. For & > 1, regularity is a much weaker
property of operator sets than strong regularity
since every set of l-independent, s.a. operators
including at least one regular operator is itself a
regular set. Strong regularity of a set of 1-indepen-
dent, s. a. operators, however, is logically indepen-
dent of the regularity of its elements: A set of
1-independent regular operators needs not to be
strongly regular: on the other hand, two extremely
nonregular operators can form a strongly regular
set as is shown by the Hamiltonian of the harmonic
oscillator.
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For the following we repeat some notations from
paper I'1: The spectrum of an operator 4 is denoted
by o(A4) and, for s. a. operators, we set

o(d) =sup{rea(d)}, o(d)=inf{xea(d)}.

The domain of an operator 4 is denoted by Z(A)
and a complete orthonormal set of eigenvectors of a
s. a. operator .4 with a pure point spectrum is
called an eigenbasis of A or simply an A-basis.
P () is the projection operator which projects upon
the one-dimensional subspace generated by the
vector i. In analogy with the sets 7 of the intro-
duction we define
W ={Wel: Tr(XW)=m}, T,,=UWY.
meR"

In order to develop an applicable theory, we have
to confine ourselves to state operators W whose
mean value functionals Tr(IW -) are linear in the
A, with respect to the linear combinations occuring
in our problem. Thus we define

i~

(s

L= {WeW,: (YaeR,) aTr(WA) = Tr(Wad)

A
T =S BTNE,.

=
~

s

For simplicity we will often drop the index 4 if no
confusion results. With the help of these notions,
Corollary 6 and parts of Theorem IT of 1 can be
extended to the case of arbitrary A12. For a simple
formulation of the first lemma, we define the su-
premum of a real function on the empty set as zero.

Lemma 1. Let 4 = {4, ..
operators with M 4 + 0. Then

., An} be a set of s.a.

sup {H(W): Wef} <o (2.1)
for all m < R,
Proof. For a € N we obtain
L™ (@ N W2 c Wi (2.2)

If €™+ 0, then there exists a W e X with
Tr(WaAd)=am
and this implies o(aA4) = am = G (aA). Accord-
ing to Corollary 6 of 1, this yields
sup {H(W): Weldy} < oo (2.3)
and from (2.2) and (2.3) we arrive at (2.1). In case
of ™ = 0, the assertion holds by definition. []

To general’ze Theorem IT of 1 we need the
following lemmata.
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Lemma 2. The mean value functional Tr(W -)
introduced in (1.3) has the following properties:
()2 (VeeR) Tr(WeA)=cTr(WA);
(e)2 If the s.a. operators Ay, ..., A, mutually
commute, then the functional Tr(W -) is
linear in the A4, for all W e ¥,:
Let A= {41,..., As} be a set of A s. a.
operators and let V be a state operator of X84
with a diagonal representation

(eee)

8

V=

i

vi P(q1)

i
—-

such that v; =0 implies qieﬁ (Ar); then

Vely
Proof of (wr): In case of N = 0, the assertion is
trivially valid. Accordingly we assume in the
following that e € M (which implies e+ 0). Let X
be a positive s. a. operator and let W be a state
operator with the properties

wq P(l/)i), w;+0 = Yi EQ(X).

Then, according to Langerhole?2,

Tr(WX) = wi(pi, X ;) . (2.4)
i=1
We now decompose the operators 4, € A into their
positive and negative parts, 4, = A; — A4; with
AF = 0. Because of Ve, all expressions
Tr(VAF) are finite and we have
Iz

2 |or | {Tr(VAS) 4 Tr(VA;)} < oo. (2.5)
r=1
Setting ¢ = a4 we can assume without loss of
generality that the regular operator C' is bounded
from below and hence it follows from (2.4) that

2@, C~ ) < | C| < oo.

i=1

Tr(VC-) = (2.6)
From (2.4) to
h

>orTr(VA4y)

r=1

(2.6) we obtain

=) h oo
> wilge, Af fu)} — Doy > vil@i, A7 @)
= r=1 i=1

A

M~
\.~

|

S ar {(gi, A7 @) — (g A7 )}

= > v {(gs, C* @i) — (@i, C~ i)} .
i=1

,si
(89}
~1

—
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From (2.5) to (2.7) it follows that

h
oo > S ay Tr(VA,) + 2| C-]

r=1

= > v {(gi, C* i) —

i=1

(i, C~ o)}

+ 2 > vilgs, C~ )

u'{ﬁg

= 2 vi{(gi, C" qi) + (91, C~ i)}
=1

— Tr(VC+) + Tr(VC-)

and the Eqs. (2.7) and (2.8) finally yield

>

SarTr(VAy) =

r=1

Tr(VC*) — Tr(VC-)
=Tr(VaAd). O
Lemma 3. The inequality
Tr(Win V) =< Tr(WIn W) (2.9)

holds for all V, W e 2. In case of finite Tr (W In W),
equality holds in (2.9) if and only if V = W.
Proofs of Lemma 3 are found in7.8. These proofs,
however, should be supplemented by a comment
on the meaning of the expression Tr(W In V) which
is not defined by the usual definitions for arbitrary
V, W e 2. Let us consider, e.g., the case W £ [V],
Tr([V]) < oo where [V] denotes the projection
operator on the subspace generated by the range
of V. In this case neither W In ¥ nor (In V) W are
trace class operators and also the generalized mean
value definition (1.3) does not cover this case since
InV is not s. a. But the definition (1.4) suggests a
unique extension of the domain of Tr (W -) to all
operators InV with V e 2: If V has the spectral

representation
V= >v Ry,
€l
then we define
i€l
Tr(WinV) = > Inv; Tr(WERy) (2.10)

with Io={iel: Tr(WR;)+0}.
This formula defines Tr(W In V) for arbitrary
V, Wed and yields Tr(WIn V) = — oo in the
case WL [V].

Lemma 4. Let 4, B be s.a. operators with the
properties
| Tr (X eY)| < oo, Tr(eX
Then the equations

Tr(Aed) Tr(eB) = Tr(4eB) Tr(e4),

Tr(Bed) Tr(eB) = Tr(BeB) Tr(e4)

) < oo forall X, Ye{d, B}.
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are equivalent to the relation 4 = B 4 ¢1 for
some ¢ € R.

With the help of Theorem II(c) of 1, the proof
of Lemma 4 can be accomplished in the same way
as in the case of a finite dimensional Hilbert space
(see Lemma IV of 4)1a,

To facilitate the formulation of Theorem I we
introduce the notations

Z4(a) = Trlexp(— ad)]
Vila) =Zy (o) lexp(— aAd)
(Ap> (@) = Tr[V.a(a) 4]

(2.11)

and
My = {meRr: (JaecN)m=_{4)(a)}.

For simplicity we will often drop the index A if no
confusion results.

Theorem I. Let 4 = {44, ...,
operator set. Then:
(@) (Vae,) Viy(@)eW, =V (a)ely;

(b) <{A>~1is an injective map of M 4 into N :

Ap} be a regular

(¢) For every point a € N4 there exists a real
number u € (0, 1] such that the half-line {re:
x € R, & > u} is contained in N4 whereas the half-
line {ra: xR, ¥ < u} has no point in common
with N ;

(d) For every m € M4, the information entropy
H has a unique maximum in {7 which is assumed
at the QME W[m] = V{{4)>-1(m)}:

W+ W[m]<H(W)< H(W[m]) < o
for all me N, We L% and
H (W [m]) = sup {H(W):
=1InZ,{(A4)1

Proof. ad (a): According to Definition (2.11),
V(a) is contained in W for all e € N and has the
same eigenbasis as aA4. Hence every V(a)-basis is
contained in Z (a4) and from

7 (ad) = ND (ar Ay) =

WeQg}
(m)} + m{A4)"(m).

NZ(4y)

r
and Lemma 2 (wut), the assertion follows.

ad (b): Let Tr[V(e)d,] = Tr[V(B)d,] for
a,BeNand r = 1,..., h By multiplying the r-th
equation first with — o, and then with — £, we get

Tr[— o Ay V()] = Tr[—ar A, V(B)],  (2.12a)
Te[— By Ar V()] = Tr[— fr 4, V(B)].  (2.12Db)
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If we add the 2 Eqgs. (2.12a) and (2.12b), respec-
tively, and use statement (a), then we find
Tr(— ad e~ ) Tr(eP4)
=Tr(— ade P4) Tr(e—24),
—BAe ) Tr(e P4) (2.13)
=Tr(—BAe P4 Tr(e—24).
The Eqs. (2.13) and Lemma 4 imply a4 = B4 4 ¢ 1
and the assumed 1-independence of the operators

Ay, ..., Ay finally yields a = B. The assertion (c)
results immediately from Theorem IT of 1.

ad (d): Let m be an arbitrary element of I with
a = (A,71(m) and let W be an arbitrary element
of ¢™. Then it follows from Lemma 3 that

HW)=—Tr(WInW) = —Tr[Wln V(a)]. (2.14)
Because a € N, a4 has a spectral representation
oad = : (11' Di

i=1
and this implies

V(i) = Z ()1 ?exp {—di} D;.

i=1

From (2.10) it follows that

Te[Win V(e)] = § {(— InZ(a) — d;} Tr(WD,)

i=1
—InZ(a) — Tr(Wad). (2.15)
From (2.14) and (2.15) we obtain for all W e @™
HW)=InZ( )+'11 (WaA)
=InZ(a) + E or Tr(WA,)
r=1
=InZ(a) + ma (2.16)
=InZ{{A)>1(m)} + m{4>"1(m).
If, in particular, we set W = V(a) in (2.15) and
transform the right side exactly as in (2.16), then

we find
H([V(a)] = H(W[m])
=InZ{{A4)"1(m)} + m{4A)"1(m).
(2.17)
The Egs. (2.16), (2.17) and Lemma 3 finally yield
(YWeQ™ W=Wim]<HW)<HW)<o
]
A comparison of this theorem with the analogous

theorem in the case A = 1 shows that Theorem I
contains a new assumption, viz. the 1-independence



Quantum States with Maximum Information Entropy. II

of the A4,, as well as a new limitation of its asser-
tions, viz. the confinement to state operators
W e 4. Neither point, however, seems grave to
us from the physical point of view. The assumption
of the 1-independence of the A, imports no loss of
generality ; it can always be satisfied by eliminating
the redundant information and reducing the set A
in a suitable way. The confinement to W e Q,,
on the other hand, is certainly a restriction of the
generality of Theorem I; it can hardly be avoided
as Eq. (2.16) does not exclude that W7\ % con-
tains elements with an information entropy greater
than H(W [m]). But this very confinement became
necessary only because we introduced the gener-
alized mean value functional (1.3) in order to
increase the set W of admissible state operators.
If we had defined the mean value of an observable,
‘as usual, by the matrix trace
tr(AW) = Z (q”; ,A IV(}‘z) 3
{94}
then from the very beginning only those state
operators W would have been admitted for which
the /& operators® A1 W, ..., Ay W are of trace class.
But for these state operators, the (restricted) mean
value functional tr (- W) is trivially linear in the A,
since h
Sor(Adr W)= (aA)W
r=1

and since the trace class is a vector space over C.
In other words, the usual definition of mean values
would have obviated the confinement to W of €.
This raises the question whether the generalization
(1.3) of the mean value definition was at all worth-
wile in view of the fact that this generalization not
only poses additional mathematical difficulties but
had to be reduced again in Lemma 1 and Theorem I.
However, even with the restriction to the state
operators of ¥, the generalization is meaningful
because the set {WeW: tr(AW)= m} is in
general a true subset of €.

In addition to these minor limitations of gener-
ality, Theorem I also lacks of some essential results
which have been deduced in the special cases (I)
and (II), viz. the statements about extension and
shape of N 4 and M4 as well as statements about the
differentiability of the functions Z, {4,> and H
with respect to the os. This deficiency is unavoid-
able and due to the extreme variety of the class of
all regular operator sets. If we consider, e.g., a
B-regular operator set X = {Xi,..., X}, then

1575

we do not even know whether X is a-regular for
all @ in a sufficiently small neighborhood of .
And just as little can be said about I 4; even for
strongly regular operator sets A, I, may be
empty as the following example shows.

Example (2.18): Let {¢;: i € N} be an arbitrary
basis of J#; then the operators

ai=1Ini — (— 2)t,

are s. a., 1-independent and commuting. From

Z(o, p) = § exp{— (xa; + p b))}

i=1
= 2 i %exp {(a — f)(— 2)}

i=1
and

(B> (o, ) = Z (e, a)‘l'g biexp {— (xa; + obs)}

i=1
= (1/2) 3 i=(— 2

it follows that the operator set {4, B} is strongly
regular and we find

Sk{A,I,}Z{(a,ﬂ)ERZ:oc=}3>1}, EIR‘A,B):O.

For similar reasons, Theorem I contains no
statement about the differentiability of the func-
tions Z, {A,» and H. These stronger statements can
only be extended to the case “A > 1, dim # = oo”
under additional restricting conditions on the
operator set 4.10

Theorem II provides concrete examples of strongly
regular operator sets with an A-dimensional R 4 and
non-vanishing ¢, without assuming commut-
ing 4,.

Notations: A s. a. operator is called semibounded
if it is bounded from at least one side. On the set of
all s. a., semibounded operators we define a func-
tion » indicating the direction of the (possible) un-
boundedness:

v(A) = — 1 if A is not bounded from below

v(4)= +1

otherwise.

For a regular operator X we definel

A(X) = »(X)inf {& v(X): 2 €R, Zx(x) < oo}.
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For the given operators A4, € A and their regular

linear combinations we introduce the special
abbreviations
v = v(4y), vy = v(aA),
v={y,....m} A=».A(4y), A, =A(ad).

By removing all isolated eigenvalues with finite
multiplicity from the spectrum of a s. a. operator A
one obtains the essential spectrum o, (A). An
operator A is called B-bounded if

Z(B)ycZz(A4)
and

|[Ag| =alq¢| +b|Bg| forall geZ(B):

the infimum of all possible values b is called the
B-bound of A. By K (e, ¢) we denote the closed ball
{xeRkr: |x — a| = ¢} with centre a and radius ¢.

Theorem 2. (¢) Let A = {41, ..., Ap} be a set of
h s.a., 1-independent operators such that exactly
one of them, say A4, is regular whereas the remain-
ing operators are completely continuous. Then the
operator set A4 is strongly regular and we find

{aeRh: Vi g > 1’];/1];};9{‘4, (2.19)

(Yaeint R, |{A)(a)| < o0. (2.20)

(et) Let A, B be two regular, 1-independent
operators and let 4 be B-bounded with B-bound b.
Then {4, B} is a strongly regular operator set and
we find

| bJa| < 18
1 (o, B) e R2: y(A)o > v(4)A(A) C Ry 5, (2.21)
l v(B) > v(B) A(B)

(V(U., ﬂ) €int ﬂl‘{h‘. 1;:) [<11> (K, p’)] <L o0 (:-2:.4)

[<{B)(a, f)| < oo.

Proof of (¢): In Lemma 4 of 1 we have shown that
a regular operator is semibounded and has an empty
essential spectrum. As all 4, € 4 are s. a., all A4,
except for A are completely continuous and Ay is
regular, we infer from standard theorems in the
perturbation theory of linear operators!! that the
operators a4 are s. a. for all @ € R? and have the
additional properties 7 (aA) = Z(Ay) and

Uess(aA) = Uoss(Ak) = 0.

As Ay is semibounded, a4 is also semibounded 1
with v, = »psgnoy. Hence the operator exp (— aA4)
is s. a., positive and bounded for all e € R* with
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visgnox = + 1 and has a pure point spectrum,
with zero as the only possible limit point. These
properties guarantee that the matrix trace

oo

tr(e™ =) = 3 (g, e~ i)
i=1
is independent of the basis {¢;} (but not necessarily
finite) 12 and satisfies, by reason of Peierls inequality8,
the relation

tr(e24) = sup.\‘ exp{— (¢i, a A g}

p

=1

(2.23)

n which the supremum is taken over all bases
{gi: 1e N} cZ (Ag). From
h
| Sard, = Cla) < oo
r=1
r+k

for all & € R* we obtain

exp{— (y,a Ay)}
= exp{— (p, ax Arp)fexp{— (y, 2 oar dry)}

r+k
< eC@ exp{— (p, 2 Az p)} (2.24)

for all y e Z(Ay). And from (2.23) and (2.24) it
follows

tr(e ) = sup > exp {— (@i, a4 )}

{g1} =1

oo
= sup > e“@exp {— (¢i, x Ax ¢1)}
{g1) i=1

= e“@ trexp (— ax Ak)]. (2.25)

If we further restrict oz to the half-line {vzpo; >
vk Ak}, then from (2.25) and Theorem IT of 1 it
follows

Tr(e~*4) < @ Tr {exp (— ax Az)} < oo

which proves Equation (2.19).

Next we choose an element e € int ). Then there
exists a real number & > 0 such that K(a, ¢) is
also contained in int M. Since A4 is a-regular, a A
has a diagonal representation

aAd = E ([i P(’(pi) . (2.26)
i=1

i=
Without loss of generality we can assume
sgnog = v = + 1

and the d; as monotonically increasing. According
| Ay | is finite for all r+ % and

Il

to our assumptions,
this implies

(Vre{l,....,h}: r+k) |[{(Ap(a)| <oo. (2.27)
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Dividing the regular operator A; into its positive
and negative part, 4 = 4; — A;, we infer from
= -+ 1 that | 4%| < oo which implies

(A7) (o) < oo (2.28)
For the unbounded, positive operator 4} we obtain

akAZ:aA‘*‘O(kA;_ zarflrz

r+k

and hence it follows from (2.26) that
ok (i, A wi) < |di| + x| 47| +

|di| +F with

2 ar| - 4]
r+k

F <o

Il

S (pi, Apyi) e
i=1
SZ(@)F +o;t Y |di| e %.
=1

(2.29)

If we denote the greater of the two solutions of the
equation x = e¥® (with 0 <, 0 <y << 1/e) by
g(y) and set ¢ = max {1, | g(4x)

Eld led<Ggly) I e k4 3 e~ U-va
i=1 di<g(y) di=g(y)
<Ggy)Z(a)+ Je 0o, (2.30)

=1

If we now choose y such that (1 — y) a € K (a, ),
then it follows

oo

Se U= 3 (y;, exp[— (1 — y) aA] pi)

i=1 i=1

=Z[(1 —y)a] < oo (2.31)
and the Eqs. (2.29) to (2.31) yield
S (pi, Afpi) e < o0 (2.32)

i=1

From A4; =0 and the Egs. (2.4) and (2.32) we
nfer that

Ay (a) =2 S (yi, Afpi)e™ " < oo
The relation (A;)> = {(A;> — {(A;> and the above
equations finally yield [{A4)(a)| << oo for all
a €int M.

Proof of (u): Let o, B be two real numbers with
bla| < |B] and set (3 = 3(|B] - ||t — b). Then,
according to our assumption, there exists a real
number @ such that

(VfeZ(B)) |4Af| =a]f| + (b4 0)|Bf|
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and this yields

(VfeZ(B) ladf| =c|f] +q[BBf]

with ¢ = |o| @ and
g=|al(b+0)[B|1=1(a|b|B| T+ 1) <1

If we demand in addition that »(4)x > v(A4) A(A4)
and v(B)f > »(B) A(B), then it follows from the
assumed regularity of 4 and B and from Theorem IT
of 1 that Tr(e=*1) << co and Tr(e #¥) < oo, and
hence e=*4 ¢~ is of trace class, too. By virtue of
Eq. (2.33) and ¢ < 1, a4 + B is also s. a.11 and
the Golden-Thompson inequality13

Trlexp(— a4 — 3 B)] = Trlexp(—ad)exp(

(2.33)

—f(B)]
vields Tr[exp(— a4 — f B)] < oo. Thus the oper-
ator set {4, B} is (a, f)-regular for all («, 8) € R2
with b|a| < |#| and
v(d)a > v(A)A(4), »(B)f> »(B)A(B).

Next, we choose a point («, ) € int N4 p,. Then
there exists a real number ¢ > 0 such that

K {(= ), e}

is also contained in int N, p,, and there exists an

(x4 + f B)-basis {y;: i € N} so that

exp{—ad — BB} = > exp{— z1} P(zi)

(2.34)
i=1
with
ap = oy, A xi) + B Byi)- (2.34)
Without loss of generality we assume »(4)=+1

and set y; = | (i, 4 yi)| and
Q = max {g(e), |a(4)]}.
Then we obtain

A7) (@ p) = [A7] < oo;

%, f) < oo

'™ 8

> (pi, A~ y)e ™ = |A~| Z

=1

Z eM=2ye "+ Sye =21+ 2

Nn=Q yi>Q

Z(a, f) < o0

(0 — &) (xi> A i) — B (xe> Byi)}

31
A 5
D "=

N
IA

Il
H MS I'N18

exp {—
1

\:p{x“ — e — &) A + BB] yi}
(o — e)A — BB}]

A

because of
Peierls in-
equality

[ﬂp {—
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=Z(@—e¢f) <oo because
(d — & ﬂ)EK{(a7 6)7 8}'

These equations yield

> (s At i) e (2.35)
i=1
g'%’(li’ Ag)|e ™+ 3 (g, A= qi) e ™ < oo.
- i=1

From A+ = 0 and the Egs. (2.4), (2.34) and (2.35)
we infer that (4% (o, f) << oo and thus we finally
obtain |(A4) (x, #)| < co. In complete analogy one

shows |<B (o, ﬂ)r| = /e0.

]

3. The Case of Commuting 4,

In this section we assume that all operators
Ay € A mutually commute. This assumption allows
of much stronger results than those of the preced-
ing section. Theorem I and Lemma 2(«) imme-
diately yield

Corollary 5. Let 4 be a regular set of mutually
commuting, s.a. operators. Then 287 c ¢, and
the assertion (d) of Theorem I takes the form:

(d*) W+ Wim]< HW)< HW[m]) <

for all me M 4, W e W% and
H(W[m])=sup {H(W): We®%
=InZ({A4)"Y(m)) + m{4)"1(m)

for all me M 4.

To establish more detailed results we must
impose a further condition on the operators 4,. In
the first theorem of this section we will show that
in the case of a regular set of commuting and semi-
bounded operators, the essential results of the case
h = 1 can be extended to the case of arbitrary h.
For this purpose we prove some relations between
the spectra of commuting operators which are also
of interest on their own merits. Following Kato1l,
we define the continuous spectrum oeon(A4) of a s.a.
operator A as the spectrum of the continuous part
of A. In addition, we introduce the unit elements
e,=1{0,...,1,0,...,0} of Re for r =1,..., h.

(r)

Lemma 6. Let X be a s. a. operator on a separable
Hilbert space # and let f be a real-valued Borel
function on R such that Y = f(X) is also a s.a.

W. Ochs and W. Bayer

operator on #. Then

Uess( )7) =0 = Ucon(X) - (). (31)

(3.2)

Proof: If X = [AdE,;, Y = [AdF; aie the
spectral representations of the s.a. operators X, Y
and E, F the corresponding spectral measures on
the set # of all Borel sets of R, then Y = f(X)
implies the relation 14

(YMeB) F(M)=E{j-1(M)}.

ocon(X) = 0 = geon(Y) = 0.

(3.3)
Setting

Moy = (n,m + 1], Moy = (—n—1, —n]

and
Bﬂ:f_l(Jln) for n=0.1 2,
we obtain -
(Vi,j) Bie#, i+j=B;nB;=0, UB;=R.
=0 (3.4)

If we now assume ogegs(Y) = 0, then we obtain

Tr{F(M;)} < oo and from (3.3) it follows
Tr{E(B;)} <oo for i=0,1,2,.... (3.5)

By reason of [E(B;), X] =0, X is reduced by all
projection operators K (B;) and can be represented
as the orthogonal sum 19

X=S®X

i=0

(3.6)

of its s.a. parts X; which are defined on

by

Xipg=Xg forall ge2 (X)) =2(X)NH,.

Equation (3.5) implies that all the s. a. operators X
on .#; have a pure point spectrum, since continuous
parts of the spectrum are possible only in infinite
dimensional Hilbert spaces. Thus, according to (3.6),
X also has a pure point spectrum and (3.1) is proven.
Equation (3.2) is trivially satisfied. OJ

Lemma 7. Let 4 = {44, ...
mutually commuting, s.a. operators on a separable
Hilbert space # such that at least one linear
combination ¢4 forms a s.a. operator on 2 with
Oess (cA) = 0. Then all operators 4, A4 have a
pure point spectrum.

, A} be a set of

Proof. Owing to the commutativity of the A,,
there exists a s.a. operator X and appropriate
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Borel functions16 f, such that
Ar=f(X) for r=1,...,h.

This implies h

ed=73cfr(X) = t(X)

(3.7)
(3.8)

in which ¢ is a Borel function, too. According to
Lemma 6 and (3.8), X has a pure point spectrum
and, because of (3.2) and (3.7), this proves the
assertion. O

Corollary 8. Let A, ..., A, be n s.a., mutually
commuting operators on a separable Hilbert space
at least one of which has an empty essential spec-
trum. Then all 4, have a pure point spectrum.

Theorem III. Let 4 = {4, ..., Ap} be a regular
set of mutually commuting, semibounded operators.
Then the following statements hold in addition to
Theorem I(a)—(c¢) and Corollary 5:

(e) M, is a convex, A-dimensional, unbounded
subset of R?* and Z , is a convex function on N 4.
Together with a point &, 9, contains also the
2h-tant with vertex a and the edges

{a+crre: c =0}

(f) All elements m € M, satisfy the equations

o(A4d,) <my <g(4y) for r=1,...,h.

(g) For m, =0,1,2,... and [ X|, equal to X

or

<H¢4,¢"/ and H[V(-)]

are finite and arbitrarily often differentiable in the
interior of M 4. One obtains
{4y = — 0InZ /0w
¢{Ay>[Co; = 0<A;>[Coy = — 021In Z|Cctj Coty
= —(4r — <{4)(4; — <Ap)>.

(h) According to Theorem I, the information
entropy can be expressed also as a function of the
“mean values” m,:

H(m) = H(W[m))

=InZ(({A>1(m)) + m{A>"1(m).

Under the additional assumptions of the present
theorem, M = = (A (int N ,) is an open subset of R?
and f is continuously differentiable at least twice
in the entire M yielding

CH/CNI}; = (A 1(m

(3.9)

) =%
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Proof ad (e): According to Lemma 4 of 1, the
essential spectrum of a regular operator is empty.
Hence it follows from the regularity of 4 and
Lemma 7 that all 4, € 4 have a pure point spec-
trum. And this again implies the existence of a
(not necessarily unique) basis {¢;: ¢ € N} by means
of which the operators 4, can be represented in the
form

A, = Z ap; P (3.10)
i=1
where the first index of the eigenvalues a,; indicates
the operator A4, to which a,; belongs whereas the
second index labels the eigenvalues of A4,. From
this common diagonal representation of the A, it
follows

Z(a) = Trlexp(— aA)]
_lzlexp( réllrari). (3.11)
The convexity of the exponential implies
o h
exp {— Azlocr ar — (1 — ?-)r;ﬂr ari} (3.12)
= Zexp(— §1oc,aﬁ) + (1 —A) exp( Z ﬂ,an)
r= /

for all ie N and A€ [0, 1] and this yields

Z{da+(1—7)B}<1Z(@)+ (1 —2Z(P)
(3.13)

for all o, BN and all 1[0, 1]. Hence N is a
convex set and Z is a convex function on .

Next we choose an arbitrary element e € i and
an arbitrary index ke {1, ..., 2} and consider the
points & = a + xvper with @ = 0 and the corre-
sponding partition function

oo h
&) =2> exp(— > oy ari> exp(— xvpar). (3.14)
1=1 r=1
According to our assumption, 4y is semibounded.
If 4 is even bounded, then it follows from (3.14)
that
Z(8) =exp(x

2| Ak|) Z(a) < oo

If A is unbounded, then we can assume without
loss of generality that 4j is bounded from below
(i.e. vx = -+ 1) with the bound ¢, and we obtain

Z(8) =

!

t=1 r=1

< (1 + evlely Z

I

oo h
> exp (— > oy an-> exp (— x ag)

(o) << oo
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Thus § liesin RN forall 1 =k =%, v = 0and aeN.
The rest of (e) follows from the convemty of MN.

ad (f): The relation o(4,) <m, < g(4,) is a
trivial consequence of definition (1.3). Let wus
suppose that there exists an element a € N with
{(Ap> (o) = my = o (Ag). Because I c R# this im-
plies

— oo < inf{aki' 1€ N}
h

= Z agi exp ( > o an)
t=1 \ r=1 /
which is obviously wrong. Hence my+ o(Ay).

Analogously mp + ¢ (Ax).
ad (g)s: We define

h

N = {aeﬂi,,:ﬂx,#O}.
r=1

For every aeint N there exists a real number
€ € (0, 1/e] such that the closed ball K (a, ¢) is also
contained in int N. If one denotes the greater of
the two positive solutions of the equation x% = e%¥
(with w >0, 0 <y << ule) by g(u,y) and sets
g(0, y) = 1, then it is easily seen that

]‘TI u < Cu g(l(, ,3) e0C oz

for all real numbers C = 1,2 = —C,u =0,0 >0
with 0 << u/e in case of w=+0. Hence, choosing A

(3.15)

arbitrary non-negative integers ni,...,np, we
obtain
/| k \
2(@) { I1 4r]" ) (@)
r=1
oo / h
-3 (H Jan | Jexp | — *)
=1 \r=1 \ 1
oo h
=2 H ‘an "rexp (— oy arg) (3.16)
=1 r=
) h
§§ H S g (nr, €)' exp (e Sy)

cexp {— ari(otr — evy)}

nr, &) exp(eSy) 1 Z(at — €v)

h
= {HSL“Q(

r=1
where we introduced the constants
B {max(l, |5(A4,)]) if »e=—1o0r [4/] <oo,

max (1, |o(4,)|) if »»=-+41 and [4,] = oo.

According to our choice of a_and &, the point
o — ¢v is also contained in int N and thus we find

W. Ochs and W. Bayer

that

/H[4 acint N

n, ) << oo for all

and arbitrary non-negative integers ny, ..., ny. If
we multiply the inequality (3.12) by

h
H | Ari

r=1

nr

and sum over all 7, then it follows that
/ h \\
Fo(@) =Z(a)( []|47|") ()
\r=1
oo h
=> T |ari "rexp (— o ari)
i=1 r=1

is convex and hence finite in the entire int M. As a
convex function, F, is also continuous on int N17;
and as a continuous convergent series of non-
negative terms, the serie: F, even converges uni-
formly on all K (a,¢)cint R18. This implies that
all series (J] |4}/ are uniformly convergent on

all K (e, ¢)cint W. Finally, it follows from the

uniform convergence of all series ([]|A4,," ) on
r

all K (a, ¢) cint N and from the relation
(C/Ofr)" exp (— ar ari)
= (— 1)"(ar;)" exp(— or ar)
that Z (= Fg) as well as all functions {[] |A4,">

have partial derivatives of arbitrary order with
respect to the #, in the entire int N and that these
derivatives are obtained by differentiating the
respective series term by term. Because

H[V(a)] =InZ(a) + alA) (@),

the function H[V(-)] can also be differentiated

arbitrarily often \\1th respect to the o,. As the
lowest derivatives we obtain
0 *® 0 2
—Za)y=> -, oxp(— > oy ar
Cotg i=1 ok r=1 ]
oo h
= = Sawexp(— Saran) = — Z(@) Ao (@),
v=1 \ r=1
02 0 .
— Y mZw= Ay
Qo Ootj Qouge
oo o h
= >aj . Z(a)lexp|— Dorar
= Cog r=1

oo h
=Z(a) 1> {— ariaji + aje{Ar)>} exp(~ > o a,,-)
t=1 r=1
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= — Z(a)*l.zl{(aki - <Ak>)(aﬁ — <:1)/\)}

. exp( Zyran)
r=1

= — ((Ar — <A) Ay — (Ap)
= A <d;> — <Ax 4> .
ad (h): We consider the measurable space
(N, Z(N)) where Z(N) is the power set of the
set N of all natural numbers. To every a e N we
define a probability v, by

(3.17)

(VMeZ(N) v (M) =S pi(a) (3.18)
lell

with

h
pi(a) = Z(a) Lexp {— > oy an-} .
r=1

Hence the e\:peetation value E(f) of a random

variable (r.v.) f on the probability space
(N, Z(N), b,)
has the form -
E,(f)= > 16@)pi(a). (3.19)
i=1

.To every polynomial X = P[44, ..., Ap] in the
operators A, € A we associate a r.v. X on

(N, Z(N), p,) by X()= Play, ..., ani].
For the expectation values of these r.v.’s we obtain
E,(P[41,...,4s)

=Z(a)"1 E Plaii, ..., ani] exp{— él oy an-}
— Tr{P[; 11, L Ap] V(e)} o (3.20)
= (P[4, ..., 4z]) (&) .

According to (3.20) and III(g), the covariance
matriz (Ays) of the hrv.s Ay, ..., Ay,

Ars(a) = Ea(iir A:IS‘) - Eu("IT) Em(‘Is) - "]ST’

exists for all acint N, and the Eqs. (3.17) and
(3.20) imply

AAy>  AD .
— Ny (@) = Cl' = - MS (3.21)
S T

Now, the 1-independence of the operators of A4 is
obviously equivalent to the linear independence of
the & -+ 1 functions 1, Ay, ..., A, which « fortiori
implies the linear independence of the A + 1 r.v.’s
1, Ay, ..., Ay p,-almost everywhere. According to
a standard theorem of probability theory1?, this
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vields |A,5] > 0, and from the above considera-
tions we infer

(Vaeint N)  (— 1)b| 04> /dus] > 0. (3.22)

From Eq. (3.22) it follows18® that ¢ is an open
subset of R® and that the functions (A4,>~1 are
continuously differentiable with respect to the my
in the entire M. The Egs. (3.9) and (3.17) finally
yield

oA 1 é /A n %
= ok + .

omg 7,5 doy Oy s 1< r> omy
= ag = (A1 (m). d

In Theorem ITT we have assumed, mainly for
simplicity, that all 4, are semibounded. In fact,
this assumption can be weakened without injuring
the results considerably. In the following theorem,
we consider a weakened assumption which is of
particular importance for statistical thermo-
dynamics.

Theorem IV. Let 4 = {44, ..., Ay} be a regular
set of mutually commuting operators with the
additional property that

(#) the operators As,..., 4, are semibounded
whereas A1 is majorized from (at least) one
side by a semibounded operator of the form

h
+ >ardy

r=2

x1 1 with xeR”k.

Then, in addition to Theorem I(a)—(c) and Cor-
ollary 5, the statements III(f)—(h) remain wvalid
whereas III(e) has to be slightly modified as
follows:

(e*) M4 is a convex, h-dimensional, unbounded
subset of R* and Z 4 is a convex function on 9 4.
Together with a point a, 4 contains also the
convex hull of the % half- ines

{a+crrer:c =0} for r=2,...,h

and {ca: ¢ = 1} emanating from a.

Proof. ad (e ). The convexity of M and the
convexity of Z on 3 can be proved just as in
Theorem 111 (e). Let o be an element of . Then,
according to I(c), the half-line {ce: ¢ = 1} is also

contained in M. For ke {2, ..., h} we obtain
(o]

Z(ot + cvier) = > exp(— cvgag)
i=1

h
- exp {— > o ari} < eS:Z(a) < oo
r=1
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for all ¢ == 0 and 2 = k = &. Thus all assertions of
(e¥) are proved except for dim R = %. Obviously,
dim N = % if and only if A4 is strongly regular. By
virtue of the assumed regularity of 4, i contains
at least one o + 0. Setting z; = 2 max (|«
we obtain in case of a1+ 0

h
mm=2@+zwﬂ

oo h

= >exp(— o1 a1 nc\p — Oy Qri — Vy 2y Qyg)
i=1 r=2

h h
= {I_I exp (z,S,)} Z(a) < oo with []fr+0.
r=2 r=1

In the case o3 = 0 we need the assumption ().
Without loss of generality, we take

A= — (0114 7)

with (3.23)
h
Y=JarA4,, 122 and 1+ Y =0.
Because of (3.10), this implies
A1 =z —ul— V vrzp Ay
with B (3.24)

r=
h
w=2x+ >z

2

,‘
o
e

From o«; = 0 and (3.24) we finally obtain

)
Z(y) = Z(a +e+ > v,z,e,)

e exp{

I
™M 8

i=1

h n
> oy ari} exp {— > vpzr an-}
r=2 r=2

MS

=

)
et exp { > vrzy ar;}
r=2

1

h
Z(a)<H|Ar

r=1

1
A
(51)(1_[_)1) (5r)) 2
4 C2 (01, ¢ (

Defining the vectors
X = {01, v202 + 2201, ..

€ = {01,v202 + @201 + 226, ..

— (o1 — 1) @14} exp {—

‘W. Ochs and W. Bayer

h
© exp Z (or @ri + vr 2y an)}

h
=etZ(a) <oo with [[y,+0.

r=1

This completes the proof of (e ).
ad (f)—(h): In the proofs of IIL(f)—(h), the
stronger assumption that all 4,e A4 are semi-

bounded has been used at only one point, viz., to
prove that all functions <H Ay|" are finite in the

entire int 0N [see Equatlon (3.16)]. Hence, in order
to complete the proof of Theorem IV, we have
merely to show that the finiteness of these functions
can also be deduced from the assumptions of the
present theorem.

From (3.15) it follows that

|ar1’ ’n, < S;f' g(nh (31-)"' e0rSr E‘Xp(ér vy ari)

= Dy (0) exp (8 vr arr) (3.25)
forr=2,...,hand 0 << 0, << 1/e. From
r1+-Y =0

we obtain

h n
Sarap = |y|™ <uMg(ng,e)" et eV,
r=2
(u + Z/i)m S w Iyi'nl + (2 + u)m (326)
< (2 + u)m + uﬁmg(nl, 8)"16”681".

From (3.15), (3.23) and (3.26) we obtain

| @™ = (u 4 yi)" g (n1, 01)" exp {01 (u + yi + ax)}
< C1(01) exp (01 Y + 01 an) + C2(01, €)

cexp(ey; + 01yi + O01a14) (3.27)

for all 0 < 01 << 1/e, 0 < & < 1/e, where C1(d1)

and C3(01, €) are finite for 01, ¢ + 0. The Eqgs. (3.25)
and (3.27) yield

h
Z ari(or

r=2

— Or vy — 01 xr)}

-
h
HD, T)Zexp{— (o1 — 01) au}exp{ Zaﬂ(ar—érvr—élxr—ex,)}

<V On + xp 01},
o> ¥n On + p 01 + xn £},
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we finally obtain

s a1 = f o

\r=1

Let us now consider a point a € int R. Then there
exists also a closed ball K (a, ) in int R with 0 >0,
and we can choose the parameters e, d1,...,0n
such that

3
e[]or >0 and

r=1

x| <o |E|<o-

Hence all expressions on the right side of (3.28) are
finite and we obtain

HIA

\T*

\ e

m\

for all e €int N and arbitrary n, € N U {0}.
O

In the Theorems III and IV, the regularity of 4
has been presupposed. But in general it is difficult
to ascertain that a given operator set is regular.
Hence in many cases, the following statement may
be useful which results immediately from Defini-
tion 1 and the above theorems.

Corollary 9. Let A4 be a set of mutually commut-
ing, s.a. operators which are either all semibounded
or satisfy the property (3 ) of Theorem IV. Then
A is regular if and only if A4 is strongly regular. In
particular, A4 is (strongly) regular, if the operators
of A are 1-independent and if at least one of them
is regular itself.

The case of commuting A4, is of particular im-
portance for statistical thermodynamics: In the
frame of the information theory approach to
quantum statistical thermodynamics, equilibrium
may be characterized 20,21 as a situation in which
the given information refers only to mutually
compatible constants of the motion. This means: In
order for the information (1.1) to characterize an
equilibrium state, the operators A4, of (1.1) must
not only form a regular set but, in addition, must
commute with one another as well as with the
Hamiltonian of the system considered. The most
important example of an equilibrium state with
h > 1 is furnished by the macrocanonical ensemble;
it deseribes the equilibrium state of an open many-
particle system with fixed mean values of the energy
and the number of particles by means of the
“intensive parameters” temperature and chemical
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Z(ee — y) + Ca2(01, E(HD é,) (¢ —E). (3.28)

potential. In this case we have the operator set
A eng, == {'f\\l,’i—l} where N denotes the particle
number operator and H the Hamiltonian of the
open system. N and H commute and, under very
general conditions on the interaction between the
particles8, fulfil the property (4 ) of Theorem IV.
Accordingly, the macrocanonical ensemble is
covered by Theorem IV provided that {ﬁ, Fi} is
regular. Unfortunately, Corollarx 9 does not guar-
antee the regularity of {N H,, since for realistic

particle interactions neither N nor H is regular.
We will thus conclude this paper by specifying a
group of physically reasonable conditions under
which {F\I, I:|} satisfies all assumptions of Theorem IV.

Notations. We consider an open system consist-
ing of an undetermined number of identical par-
ticles. A system with a definite number n of
particles is described in the separable Hilbert
space ¢ which is the subspace of all symmetric
or of all antisymmetric vectors of the n-fold
tensor product #7 ® -+ ® # depending on whether
the particles are bosons or fermions22. The open
system with an undetermined number of particles
is accordingly described in the Fock space

@ fﬂ’

Here we subjoined also the trivial case of particle
number zero with #7F being defined as a one-
dimensional Hilbert space, ie. #75 & C. If H, is
the Hamiltonian of the n-particle system, 1, the
identity operator of #% and if we set Ho = 0y,
then the Hamiltonian H and the particle number
operator N of the open system have the form

g:@)Hn,

n=0

N = Dn1y,

n=0

(3.29)

By the spectral set S(A4) of a s.a. operator 4 with
a pure point spectrum we understand the set of
real numbers which contains only eigenvalues of 4
and which contains every eigenvalue of A exactly
as often as indicated by its multiplicity.

Lemma 10. Let the Hamiltonians H,, satisfy the
following conditions:



(1) all Hy have a pure point spectrum
(2) (JaeR) (VneN) H, = —antl,;

(3) theincreasingly ordered elements £ A3V, ...

of S(Hj) satisfy the equation
B = b1n (i/n2) + ¢ (3.30)
for all ¢ > M, =dn?» +v with b > 0,

ne N and p,q,d = 0.
Then ZJ f(x B) = E(a, f) is finite for all
o>aff >0, f>1/b, and {N,H}

has the pro-
perty ().
Proof.

B f)—1=73 Seanexp{— fr"}

n=1 i=1

) Mn

— E —on z e‘ip{ ﬂh(")‘
n=1 =1

F e S expl— fA)
n=1 1i=Mn+1

=21+ 2.

N

oo
Zi< Ze an M, ebfan — ze n(x— aB){dnp 1 L}-
= n=1

(o] oo
§ Z [e—(a—vaﬁ)]n + d Z g(p, s)i” e€n g—n(o—ap)
n=1 n=1
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.AUZ[e (ax—ap)! m 4 dg( (p, & pZ[e a—af— &]n
n=1 n=
forall0 =< ¢if p = 0 and for 0 < ¢ < pleif p > 0.
This yields X} < oo for o > a f.

oo (oo}
Lo = Yean Y ebeexp{— fbln (i/n9)}
n= 1—1Inr1
(e}
< e—Bc S e—on pqbp >; (1/[)?)6
n=1 i=1

If we now assume bf > 1, then we obtain

Q(p) = §(1/i)”ﬁ < oo and
=1

Sy =QB)eBeglgbp, 0)s § [e~(@=0)]n

n=1
for all > 1/b, 0 =0 if ¢ =0 and for > 1/b
0 <0< qbfle if ¢ > 0. This yields Xy < oo for
o> 0 and > 1/b and completes the proof. []
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